Abstract. We continue our exploration of various approaches to integration of representations from a Lie algebra LiepGq to an algebraic group G in positive characteristic. In the present paper we concentrate on an approach exploiting exponentials. This approach works well for over-restricted representations, introduced in this paper, and takes no note of G-stability.
Over-restricted Representations
Let pg, rps q be a restricted Lie algebra over a field K of characteristic p, U 0 pgq its restricted enveloping algebra, pV, θq a restricted representation. Let N p pgq be the p-nilpotent cone of g, i.e, the set of all x P g such that x rps " 0. Notice that for x P N p pgq we have θpxq p " θpx rps q " 0. This allows us to define exponentials for each x P N p pgq:
The element e θpxq is invertible because pe θpxq q´1 " e θp´xq . We define a pseudo-Chevalley group G V as the subgroup of GLpV q generated by all exponentials e θpxq for all x P N p pgq.
Proposition 1. The following statements hold for any restricted finite-dimensional representation pV, θq of g:
(1) G V is a (Zariski) closed subgroup of GLpV q.
(2) One can choose finitely many x 1 , x 2 . . . x n P N p pgq such that the following map f is surjective:
f : K n Ñ G V , f pa 1 , a 2 , . . . , a n q " e θpa 1 x 1 q¨¨¨eθpanxnq .
Proof. It follows from the standard fact [Bo, Prop I.2 .2] by choosing I " N p pgq, V x " K, f x paq " e θpaxq in Borel's notations.
Two particular pseudo-Chevalley groups are worth separate discussion. Let pU 0 pgq, θq be the left regular representation of g on its restricted enveloping algebra. The exponential e θpxq is uniquely determined by its application to the identity e θpxq p1q " p´1 ÿ
This element should be called e x P U 0 pgq. We can identify e θpxq with e x because G U 0 pgq is a subgroup of GL 1 pU 0 pgqq that, in its turn, acts on U 0 pgq by left multiplication:
We define the group p G discussed in the introduction as p G :" G U 0 pgq . It acts on restricted g-modules, hence, its structure is worth further investigation.
The element e x is not group-like in U 0 pgq, yet it is close to it in a sense that ∆pe x q " e x b e x`O px tpp`1q{2u q where Opx m q denotes a sum of terms x k with k ě m.
To make this precise, we say that a U 0 pgq-module V is over-restricted if θpxq tpp`1q{2u " 0 for all x P N p pgq. See Section 5 for some examples. Notice that if p " 2, then tpp`1q{2u " 1 and this requirement is severe: θpxq " 0.
Proposition 2. Let pg, adq be the adjoint representation. If pV, θq is an over-restricted representation, then θpe adpxq pyqq " e θpxq θpyqe´θ pxq for all x P N p pgq, y P g.
Proof.
First, observe by induction that for each k " 1, 2, . . . p´1
For k " 1 it is just the definition of a representation:
θpadpxqpyqq " θprx, ysq " θpxqθpyq´θpyqθpxq.
Going from k to k`1,
Finally,
where the third equality holds because pV, θq is over-restricted: all missing terms are actually zero.
The second vital example of a pseudo-Chevalley group is G g , procured from the adjoint representation pg, adq. This group is intricately connected with the pseudo-Chevalley groups of over-restricted representations:
Proposition 3. If pV, θq is a faithful over-restricted representation of g, then the assignment φ : e θpNppgqq Ñ G g , φpe θpx" e adpxq , x P N p pgq extends to a surjective homomorphism of groups φ : G V Ñ G g whose kernel is central and consists of g-automorphisms of V .
Proof. Proposition 1 yields the elements x 1 , . . . x n P N p pgq for G V and the elements x n`1 , . . . x m P N p pgq for G g . Combining these elements together, we get surjective algebraic maps with the common domain:
Let H " pK,`q˚m the free product of m additive groups. The maps f and p f extend to surjective group homomorphisms
so that both G V and G g are quotients of H as abstract groups. Consider an element of the kernel a 1˚. . .˚a k P kerpf 7 q where a i belongs to the tpiq-th component of the free product. Clearly, I V " f 7 pa 1˚. . .˚a k q " e θpa 1 x tp1e θpa 2 x tp2. . . e θpa k x tpk.
Proposition 2 tells us that θpe adpa 1 x tp1e adpa 2 x tp2. . . e adpa k x tpkpyqq " θpyq for all y P g.
Since θ is injective it follows that e adpa 1 x tp1. . . e adpa k x tpk" I g , so a 1˚. . .˚a k P kerp p f 7 q. It follows that the homomorphism φ is well-defined.
Consider A " e θpa 1 x tp1. . . e θpa k x tpkP kerpφq. By Proposition 2, θpyq " θpφpAqpyqq " AθpyqA´1 for all y P g. Hence, A P Aut g pV q, so that A commutes with all θpyq. Consequently, A commutes with all e θpxq , which are generators of G V . Hence, A is central.
It is natural to inquire whether the homomorphism φ is a homomorphism of algebraic groups. To prove this, we need a technical result, Theorem 17 about generic smoothness of polynomial maps in positive characteristic, established in the appendix (Section 7). We include the answer to this natural question into the main result of this section:
Theorem 4. Suppose that the field K is algebraically closed. The following statements hold for a faithful over-restricted finite-dimensional representation pV, θq of a finite-dimensional restricted Lie algebra g:
(1) The map φ : G V Ñ G g constructed in Proposition 3 is a homomorphism of algebraic groups. (2) The Lie algebra LiepG V q is equal to θpg 0 q where g 0 is the Lie subalgebra of g, generated by all x P N p pgq. Moreover, g 0 is a restricted Lie subalgebra of g. [Bo, Prop I.2 .2] we can find x m`1 , x m`2 . . . x k P N p pgq such that the image G of the map
is a closed algebraic subgroup of G VˆGg . Extending f and p f in the obvious way to the maps f 1 and p f 1 defined on K k , we see that r f " pf 1 , p f 1 q. Hence, G is the graph of the group homomorphism φ :
Moreover, the first projection π 1 : G Ñ G V is bijective. Since f 1 is given by polynomials of degree less than p by construction, Theorem 17 ensures that f 1 is generically smooth. Since dπ 1˝d r f " df 1 , the differential dπ 1 is surjective at some point. Since π 1 is a morphism of algebraic groups, the differential dπ 1 is surjective at all points. Hence, π 1 is an isomorphism of algebraic groups. Consequently, φ is a morphism of algebraic varieties (or groups) since φ " π 2 π´1 1 .
(2) Let g 1 be the linear span of all x P N p pgq. Let pz 1 , . . . , z k q be the standard coordinates on K k . For all i " 1, . . . k the calculation
The last equality holds because of Proposition 2. The element e´a dpanxnq . . . e´a dpa i`1 x i`1 q px i q belongs to g 0 since all x j belong there. Hence, this calculation shows LiepG V q Ď θpg 0 q.
It remains to argue that g 0 is a restricted Lie subalgebra of g. This is true because θ is an injective homomorphism of restricted Lie algebras, and both θpg 0 q " LiepG V q and θpgq are restricted subalgebras of glpV q.
(3) It follows from the same calculation as just above for x P N p pgq:
(4) The same argument as in (1) shows that d 1 π 2 is surjective. Hence,
The second statement follows from the observation that d 1 φ " ad| g 0 . This can be checked on elements x P N p pgq since they span g 0 :
(5) It follows from Proposition 3. (6) It follows from (4) that the differential d 1 φ : LiepG V q Ñ LiepG g q is an isomorphism of Lie algebras. Observe that G V is connected because it is generated as a group by a connected set e θpNppgqq containing the identity element. Hence, the kernel of φ is discrete.
Let us state an immediate, rather curious corollary of the proof of part (2):
Corollary 5. Let g be a finite-dimensional restricted Lie algebra over an algebraically closed field that admits a faithful over-restricted representation. Let g 1 be the span of N p pgq. The following statements in the notations of the proof of Theorem 4.(2) are equivalent:
(1) g 1 is a restricted Lie subalgebra, (2) for some choice of θ and f 1 , the differential d 0 f 1 is surjective, (3) for all choices of θ and f 1 , the differential d 0 f 1 is surjective.
Our terminology of pseudo-Chevalley groups is justified by the following example: consider the adjoint representation g of a semisimple algebraic group G. Then, barring accidents in small characteristic, (for instance, if p ě 5), G g is precisely the adjoint Chevalley group G ad . Notice that the Chevalley group G ad is generated by the exponentials of root vectors e α . In characteristic zero ad Z pe α q 4 " 0, while in the positive characteristic adpe α q p " 0 so the exponentials could be different. For instance, if G is of type G 2 in characteristic 3, then the Chevalley exponential e eα Z of the short root vector e α contains the divided-power term ad Z pe p3q α q but our exponential stops at adpe α q 2 {2. Similar difficulty appears for all groups in characteristic 2. It is interesting to investigate this questions further: what is the precise relation between G g and G ad for simple algebraic groups in characteristic 2 (and the type G 2 group in characteristic 3).
Let us contemplate applications of Theorem 4 to integration of representations. Suppose g " LiepGq where G is a connected algebraic group G (over an algebraically closed field K). The adjoint group G ad is defined as the image of the adjoint representation Ad : G Ñ GLpgq. Notice that G ad is closed because the image of a morphism of algebraic groups is closed [Bo, I.1.4] . We can compare G ad and G g as sets because both are algebraic subgroups of GLpgq.
Corollary 6. Suppose that G ad " G g . The following statements hold for a faithful overrestricted finite-dimensional representation pV, θq of g " LiepGq:
(1) The representation pV, θq yields a rational representation pV, Θq of a central extension (that happens to be G V ) of G ad such that d 1 Θpxq " θpxq for all x P g 0 . (2) If pV, θq is a brick (i.e., End g V " K), then pV, θq yields a rational projective representation of G ad such that d 1 Θpxq " θpxq for all x P g 0 .
We finish the section with an application to semisimple groups. Notice that it is true in characteristic 2 because over-restricted representations are direct sums of the trivial representations.
Corollary 7. Suppose that G is a connected simply-connected semisimple algebraic group such that Zpgq " 0. Assume further that if p " 3, then G has no components of type G 2 . Then a faithful over-restricted finite-dimensional representation pV, θq of g integrates to a rational representation of G.
Kac-Moody Groups
Let A " pA i,j q nˆn be a generalised Cartan matrix, g C " g C pAq its corresponding complex Kac-Moody algebra. The divided powers integral form U Z of the universal enveloping algebra Upg C q forges the Kac-Moody algebra over any commutative ring A:
It inherits a triangular decomposition g A " pn´bAq'phbAq'pn`bAq from g Z " n´'h'n`. If K is a field of characteristic p, the Lie algebra g K is restricted with the p-operation
here x p is calculated inside the associative Z-algebra U Z [M, Th. 4.39] . In particular, pe α b 1q rps " 0 for any real root vector e α . The Kac-Moody group is a functor G A from commutative rings to groups. Its value on a field F can be described using the set of real roots Φ re :
There are different ways to write Tits' relations: the reader should consult classical papers [CCh, T] for succinct presentations. While the precise relations are peripheral for our deliberations, the following fact is vital: the group G A pFq acts on the Lie algebra g F via adjoint action [M, R] . The adjoint action of each root subgroup U α is exponential over Z, reduced to the field F:
Observe that the latter sum is well-defined: if a P g Z then 1 n! adpe α q n paq P g Z . Besides the sum is actually finite: by writing a " ř β a β as a sum of elements from root subspaces we can see that there exists N such that nα`β is not a root for all n ą N and all β so that, consequently, adpe α q n paq " 0 as soon as n ą N. We denote the image of Ad by G ad A pFq and call it the adjoint Kac-Moody group.
Let K be a field of positive characteristic p. Each real root α yields an additive family of linear operators (in a sense that Y α pt`sq " Y α ptqY α psq) on a restricted representation pV, θq of the Lie algebra g K :
we denote the group generated by Y α ptq for all real roots α and t P K. Notice that G KM V is a subgroup of G V , defined in Section 1. If p ą max i‰j p´A ij q, then g K is generated by root vectors e α [Ro] and, consequently, we expect that G 
Higher Frobenius Kernels
In this section we take G to be a semisimple simply-connected split algebraic group over a field K of characteristic p ą 0. Let Φ be the root system of G, Π " tα 1 , . . . , α r u Ď Φ a basis of simple roots. The standard Chevalley basis of the Lie algebra g " LiepGq is e α , α P Φ, h i " re α i , e´α i s. In particular, g is generated by e α , α P Φ. It is useful to keep in mind that adpe α q p " 0 for all α P Φ.
Let G pnq be the n-th Frobenius kernel of G, DistpG pnthe distribution algebra on it. DistpG pnhas a divided powers basis
so that DistpG p1is a subalgebra of DistpG pnq q, naturally isomorphic to U 0 pgq. Let us now consider a representation pV, θq of G pnq . It is naturally a representation of DistpG pnwhich we also denote by pV, θq. We define exponentials in an analogous way to the previous section:
where t P K and α P Φ. Both Y α ptq and Z α ptq are invertible. In fact, these are one-parameter subgroups: Y α ptqY α psq " Y α pt`sq and Z α ptqZ α psq " Z α pt`sq. Let us generate subgroups by them:
Conjugation by G equips DistpG pnwith a G-module structure, which we can then restrict to G pnq -module and DistpG pnq q-module structures. We denote the corresponding representation of DistpG pnby ad because it is a version of the adjoint representation; for instance, the "usual" adjoint representation on g is a subrepresentation under g ãÑ U 0 pgq ãÑ DistpG pn(cf. [J, I.7 .18, I.7.11(4)]). We also use ad to denote the representation of DistpGq on DistpG pnq q; this restricts to the above ad on DistpG pnq q. We say that pV, θq is n-over-restricted if θpe pkq α q " 0 for all k ě tpp n`1 q{2u and all α P Φ. Notice that if p n " 2 then this condition forces pV, θq to be a direct sum of the copies of the trivial module.
Proposition 10. (cf. Proposition 2) If pV, θq is an n-over-restricted representation of DistpG pnq q, then θ´adpZ α ptqqpdq¯" Y α ptqθpdqY α p´tq for all t P K, α P Φ and d P DistpG pnq q.
Proof. We write ad using Sweedler's Σ-notation [J, I.7 The result follows from the fact that V is n-over-restricted.
It is useful to remind the reader that g can be recovered inside DistpG pnas the set of primitive elements:
This explains why g is a submodule of DistpG pnunder the adjoint action: we leave it to the reader to check that adpxqpdq P PrimpDistpG pnfor all x P DistpG pnand d P PrimpDistpG pn.
Proposition 11. Let pV, θq be an n-over-restricted representation of DistpG pnq q, faithful on g. Then the assignment φpY
extends to a surjective homomorphism of groups φ : G pnq,V Ñ G pnq,g , whose kernel consists of g-automorphisms of V .
Proof. The fact that φ is a well-defined homomorphism is proved in a similar way as in Proposition 3. Let H "˚αU α be the free product of (additive) root subgroups. Both G pnq,V and G pnq,g are naturally quotient of H. If W β 1 pt 1 q˚. . .˚W βm pt m q P kerpH Ñ G pnq,V q then
Proposition 10 tells us that for all d P g θpadpZ β 1 pt 1 qqadpZ β 2 pt 2. . . adpZ βm pt m qqpdqq " θpY
If the adjoint representation is n-over-restricted, we can identify the adjoint group G ad with G pnq,g . Proposition 11 yields an exact sequence of abstract groups
where Z pnq,V is the kernel of φ. To tie up loose ends we need to address the algebraic group properties of this sequence:
Higher Frobenius Conjecture. Suppose that G is a semisimple connected algebraic group over an algebraically closed field K. The following statements should hold for an n-overrestricted finite-dimensional representation pV, θq of G pnq , faithful on g:
(1) The map φ : G pnq,V Ñ G pnq,g constructed in Proposition 11 is a homomorphism of algebraic groups. (2) If pg, adq is n-over-restricted then φ : G pnq,V Ñ G pnq,g is a central extension of algebraic groups. (3) If pg, adq is n-over-restricted then pV, θq extends to a rational representation of the simply-connected group G sc .
Applications of Higher Frobenius Conjecture
We consider G as in the previous section, and assume K to be algebraically closed. Let pP, θq be a projective indecomposable U 0 pgq-module. A well-known Humphreys-Verma Conjecture [B, D, HV, So] (currently proved for p ą 2h´2, where h is the Coxeter number [J, II.11 .11]) states pP, θq extends to a G-module. A similar statement for a higher Frobenius kernel follows from Humphreys-Verma Conjecture [J, Remark II.11.18] . Let us examine what our new Higher Frobenius Conjecture can contribute towards this long-standing conjecture.
Let T be the maximal torus of G. T G pnq -modules are the same as XpT q-graded G pnqmodules. We can control the condition of being n-over-restricted for them by monitoring their weights XpV q " tλ P XpT q | V λ ‰ 0u. We define the height of V by the following formula:
ξpV q :" inftn P N | @α P Φ XpV q X pXpV q`nαq " Hu.
Clearly θpe pξpVα q " 0 is guaranteed for a T G pnq -module pV, θq. Hence, the next proposition immediately follows from Higher Frobenius Conjecture:
Proposition 12. Suppose that Higher Frobenius Conjecture holds for a connected simplyconnected semisimple algebraic group G such that Zpgq " 0. Assume further that if p n " 3, then G has no components of type G 2 . Let pV, θq be a T G pnq -module, faithful as a g-module, such that p n ě 2ξpV q´1 if p is odd, or p n ě 2ξpV q if p " 2. Then pV, θq can be extended to a G-module.
It follows that if a T G p1q -module can be extended to a T G pnq -module for sufficiently large n, then it can be extended to a G-module. Due to particular significance of projective U 0 pgqmodules we state this observation for them as a proposition. Recall that ρ " 1 2 ř αPΦ`α is the half-sum of positive roots. Let a " max 1ďiďr pa i q where 2ρ " ř α i PΠ a i α i for a i P Z. Proposition 13. Suppose that Higher Frobenius Conjecture holds for a connected simplyconnected semisimple algebraic group G such that Zpgq " 0. Let P be a projective indecomposable U 0 pgq-module. Suppose P extends to a rational G pnq -module where n ě log p p4app´1q`1q.
if p is odd, or n ě log 2 pa`1q`2 if p " 2. Then P extends to a G-module.
Proof. It is known that P is a T G p1q -module [J, II.11.3] . Clearly, ξpP q ď ξpU 0 pgqq. From the PBW-basis, it follows that the "top" grade of the grading on U 0 pgq is attained by the element ś αPΦ`e p´1 α . This has grade 2pp´1qρ. Similarly, the "bottom" grade is´2pp´1qρ. Thus, ξpU 0 pgqq ď 2pp´1qa`1 and the condition in Proposition 12, when p is odd, becomes p n ě 2ξpU 0 pgqq´1; for this to be true, it is enough that p n ě 4app´1q`1. When p " 2, the condition becomes 2 n´1 ě ξpU 0 pgqq, for which it is enough that 2 n´1 ě 2a`1 or equivalently 2 n´2 ě a`1.
For the reader's benefit we add two tables. The first contains the values of 2h´2 and a. The second lists the smallest prime p 0 for all groups up to rank 8 so that extension of P to a rational G pnq -module guarantees an extension to a rational G-module as soon as p ě p 0 (the column is the type of G, the row is G pnq ). It also lists the smallest n such that extension to G pnq ensures extension to G for p " 2, 3, 5. Some of the entries are marked with the dagger † . It signifies the presence of a nontrivial centre Zpgq ‰ 0.
Examples
The heights can be computed for Weyl modules. Let V pλq be the Weyl module with the highest weight λ " ř i k i ̟ i written in the basis of fundamental weights. It follows from the description of V pλq by generators and relations [H, Theorem 21.4 ] that
This means that the Weyl modules with k i ď pp´1q{2 for all i " 1, . . . , r are over-restricted. For instance, if g is of type A 2 then (for p ą 3) the Weyl module V p p´1 2 ω 1`p´1 2 ω 2 q is the only over-restricted Weyl module outside the first closed p-alcove (under the ‚-action): indeed, k 1`k2 " p´1 ą p´2. Thus, most (but not all) over-restricted modules are semisimple in this case.
On the other hand, if g is of type G 2 and α 1 is short, then the over-restricted Weyl module V p p´1 2 ω 1`p´1 2 ω 2 q lies inside the ninth p-alcove (if p ą 3):
Ninth in this context means that there are eight dominant p-alcoves below it. Thus, in type G 2 there are many over-restricted non-semisimple modules.
It is an interesting problem to achieve a detailed description of over-restricted modules. We can formulate some precise questions if we consider the over-restricted enveloping algebra
What is the centre of U over pgq? Can we describe the blocks of U over pgq by quivers with relations? Which of its blocks are tame and which are finite? 
Rat pG, G p1q ; Aq for all A, constituents of Aut g pV, θq. Thus, the g-module structure of such pV, θq extends uniquely to a G-module structure.
It is possible to ensure the triviality of action if one can control the weights. The weights of simple constituents of Aut g pV, θq must be divisible by p because G p1q acts trivially. On the other hand, the weights of V b V˚are the differences of weights of V . Thus, we have a version of Proposition 12: Proposition 14. Let pV, θq be a G-stable T G p1q -module such that p ě 2ξpV q´1. Then pV, θq can be uniquely extended to a G-module.
It would be interesting to extend this result to higher Frobenius kernels. Clearly, a generically smooth morphism is necessarily dominant. In the opposite direction, it is a standard fact that the dominant morphisms are generically smooth in zero characteristic [S, II.6.2 Lemma 2], but it is manifestly untrue in positive characteristic. For instance, the Frobenius morphism, e.g., Ψpxq " x p from the affine line to itself, has zero differential at every point.
Appendix: Generic Smoothness in Positive Characteristic
The issue is best understood on the rational level. Let KpXq be the field of rational functions on the variety X.
Lemma 15. [Bo, Prop. AG.17 .3] Let Ψ : X Ñ Y be a dominant morphism of irreducible algebraic varieties over an algebraically closed field K. Then Ψ is generically smooth if and only the pullback field extension KpY q ã Ψ 7 Ý Ñ KpXq is separable.
Our aim is to contemplate a polynomial map
Lemma 16. Let Y be the Zariski closure of the image of the polynomial map F . Then there exist a dense Zariski-open set U Ă K n , a sequence of varieties U 0 " U, U 1 , . . . , U k and a sequence of algebraic morphisms H t : U t Ñ U t`1 for t " 0, . . . , k´1 and an algebraic morphism r F :
2) for each t the map H t is finite of degree p and purely inseparable, (3) the morphism r F : U k Ñ Y is smooth.
Proof. Let x 1 , . . . , x n be the coordinate functions on K n , z 1 , . . . , z m -the pull-backs to K n of the coordinate functions on K m . Consider a maximal (in Kpx 1 , . . . , x n q) separable extension r K Ą F˚KpY q " Kpz 1 , . . . , z m q. Hence, the gap extension Kpx 1 , . . . , x n q Ą r K is purely inseparable. It can be decomposed as a tower of degree p purely inseparable extensions
For each intermediate extension we can pick an element y t P K 0 such that y p t P K t and K t´1 " K t py t q. Now the field r K is finitely-generated, so suppose r K " Kpw 1 , . . . , w l q where the elements w j are not necessarily algebraically independent. Let A 0 be the subalgebra of K 0 generated by all w j , x j and y j . Its spectrum is an open subset of K n . Let us define A t :" A 0 X K t . Let us examine the towers of algebras and their quotient fields
While the equalities QpA 0 q " K 0 and QpA k q " K k follow from our construction, in general, only QpA t q Ď K t can be immediately discerned. Notice, however, that y t P A t´1 but y t R K t Ě QpA t q. Thus, all extensions in the tower of the quotient fields are proper. Inevitably, by the degree consideration, QpA t q " K t for all t.
The spectra of the rings A t and the algebraic maps defined by their inclusions, which we denote H t , nearly satisfy the requirements of the lemma. The only issue is that the map SpecpA k q Ñ Y is only generically smooth. Let U k be a dense open subset of SpecpA k q where this map is smooth. It remains to define all the varieties recursively: U t :" H´1 t pU t`1 q. Now we have a tool to establish the key property: "small degree" polynomial maps are generically smooth.
Theorem 17. Suppose that each degree Deg xt pF j px 1 , . . . x nof every component of a polynomial map F " pF j px 1 , . . . x nm j"1 : K n Ñ K m is less than p. Let Y be the Zariski closure of the image of the polynomial map F . Then the corestricted morphism p
F is lower semicontinuous, it suffices to find a single point x P K n where the differential d x p F is surjective. Lemma 16 yields the varieties U t , the maps H t as well as various rational functions w t , x t , y t and z t . Near any point x P U 0 we can choose the local parameters X t :" x t´xt pxq so that the formal neighbourhood of x in U 0 is the formal spectrum of B 0 " KrrX 1 , . . . , X n ss. If p F pxq is smooth, we can choose local parameters near p F pxq from the coordinate functions z 1 , . . . , z m on K m . Without loss of generality, the local parameters are Z t :" z t´zt pF pxqq for t " 1, . . . , s where s " dim Y ď m. In particular, Z t " F t px 1 , . . . , x n q´z t pF pxqq " F t pX 1`x1 pxq, . . . , X n`xn pxqq´z t pF pxqq " r F t pX 1 , . . . , X n q, where r F t is a polynomial without a free term of degree less than p in each variable so that near a generic x the map p F is described by the embedding B 0 " KrrX 1 , . . . , X n ss Ě B 8 :" KrrZ 1 , . . . , Z s ss on the level of formal neighbourhoods. For a generic point x P U 0 all of its images x t " H t´1 pH t´2¨¨¨H0 pxq¨¨¨q P U t are smooth. Let B t be the functions on the formal neighbourhood of x t , i.e., the formal neighbourhood is the formal spectrum of B t . Since x t is smooth, the ring B t is the formal power series, in particular, B t -KrrX 1 , . . . , X n ss. Let us examine the tower of formal neighbourhoods B 0 " KrrX 1 , . . . , X n ss Ą B 1 Ą¨¨¨Ą B k Ą B 8 " KrrZ 1 , . . . , Z s ss.
In the notations of Lemma 16 we can observe that K p t Ď K t`1 . It follows that for a generic x we have the same inclusion on the formal level: B p t Ď B t`1 for all t ă k. As a corollary of the Kimura-Niitsima Theorem [KN, Cor. 2 Going up the tower, we can find t such that Z R I 2 t`1 and Z P I 2 t . Looking at the description of the floor of the tower in Equation (2), we can conclude that Z P B t Y p 1 . This is a contradiction because Z is a non-zero polynomial in X j of degree less than p in each variable.
It would be quite useful to establish generic smoothness for a larger class of maps than we currently do in Theorem 17. To do that more detailed information about the local behaviour of inseparable maps is essential. By a p ‚ -basis of a ring R over a subring S we understand a sequence of elements a 1 , . . . , a n P R together with a sequence of natural numbers k 1 , . . . , k n such that the elements a Higher Kunz' Conjecture. Let K be a perfect field of characteristic p. Consider a higher Frobenius sandwich of commutative local regular K-algebras
where q " p s for some natural s. Then there should exist a p ‚ -basis of R over S.
Certainly one can inquire whether this statement holds for a larger class of rings R and S but this is the generality we need. For s " 1 and regular local rings this is proved by Kimura and Niitsuma [KN] .
We believe that Higher Kunz Conjecture is key to Higher Frobenius Conjecture.
